Z-D MAIH OFEKAIIUONS

CONTINUOUS 2-D FUNCTIONS
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Z-D MAIH OPEKAIIONS

2-D CONVOLUTION
Definition

» Extension of 1-D convolution

%Akvv\v = ,\Akvv\vvw vw\\;kvv\v = .‘,.‘,.\.AQV @vbﬁklgn%lvaQ&@

—00 —00

Properties

» generally same as 1-D convolution (commutative, distributive,
associative)

Define commutative, distributive, associative operations
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Simplifies for separable functions

» General case g(x,y) = f(x,y) % * h(x,y)

. Case I' h (or P separable g(x,y) = flx,y)# #[h(x)hy(y)]
= f(x,y) % hy(x) % hy(y)

two 1-D

convolutions
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g(x,y) = [f1(x) # h(X)][f2(y) * hy(y)]

» Case II: f and h separable
= g(x)g,(y)

gxy)is also

separable
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Example

» For simple graphics, let f and h be binary “mask” functions, equal
to one within the boundary and zero elsewhere

flip (rotate -180°)

y y B
fixy) ! hixy) | h(-a,—B) |
v
. _\ . \_ .
X X o
d
shift h(xp-o,yo—P) )
2 P multiply f(o.B)h(xo—c,yo—P) = o . o
EOV 4B integrate | J /(e ®t=c: vo=Bdods
e -L_Q«@@u\ov
(04 m L A —w
I " a +
.......... (X0:Y0)
> —8(X0.Y0)
o
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2-D CORRELATION

Identical to 2-D convolution, except neither
function is “flipped”

o oo

§(x,y) = f(x,y) *k h(x,y) = [ [ f(c, B)h(ct—x, B ~y)dodp

—00 —00

Important difference

» not commutative
f Kk h=h Kk f
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2-D FOURIER TRANSFORMS

Forward transform ru,v) = [ [ £(x, y)e ™" axdy

—00 —00
o 00

Inverse ﬁ\&:%ﬂ.@ﬁi flx,y) = .‘,%ﬁgvimbagié&:g\

—00 —00

Properties

» 1-D transform properties generally also apply to 2-D transform

F(u,v) = %m\.maﬁh.‘.iﬁ v\vm\.mﬁ:&ku dy
» Useful property: - -
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2-D Fourier Transform of Separable Functions

f(x,y) = f1(x)f2(y)

00

Fi(u) = [fix)e”™™dx, Fyv) = [ fr(y)e”™"dy

o)

.\QB@%A.\\CS %vm\waa:&ku mmv\

—0Q0

F(u,v)

0

= quv%wéﬁ ?é:ﬁg&u& = Fy(u) [ f2(y)e ™" dy
= Fi(u)Fy(v)
» Product of two 1-D tranforms

» Note the difference from convolution theorem!
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2-D Fourier Transform Properties

name fix,y) F(u,v)
separability f1(x)f5(y) F(u)F,(v)
scaling f(x/a,y/b) la||b|F (au, bv)
hS&nS.SQ .\.A.H +a,y+ va QH\.NaAQ=+w<vm‘A§u <v
ﬁmzhﬁaﬁ.w-m.ﬂ.@:w Q\.HAXV %v + @\.NAHv v\v QN,HA:V <v + @NHNASV <v
. .\._Akvv\v% %.\.NA.N“%V Nﬂ_?\?a\v.*ﬂwﬁ&u <v
convolution
\,Hﬁku %v.\wﬁku v\v Nﬂ_T\? <v% %Nﬂwﬁﬁua\v
1 i.ﬂwﬂav:w\u%v:i%uabi eu—dv —bu+av
affine flax+by+c,dx+ey+ f) A wA A A v
, where A = ae—db

Show that the affine property reduces to the shifting property or the scal-

ing property with appropriate parameters
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2-D Fourier Transform Pairs

descriptive . descriptive | picture
name of Eﬁﬂm% fy) F(u,v) name of of
fx.y) 7 F(u,v) [F(u,v)I
delta @A X, v\v 1 constant
blade @A xv @?v blade

ripple — — — — cos(2max) &@@Amv S(v) a%hw%
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descriptive . descriptive | picture
name of pi m%m@w of fx,y) F(u,v) name of of
fx.y) 7 F(u,v) [F(u,v)I
1 1% doubl
. ouble
ripple ME— cos(2may) gm@@v O(u) delta
I
double 1 X
blade g@@AMV OOmANﬁQ§v@A<V
box rect(x,y) sinc(u, v)
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descriptive . descriptive | picture
name of p .n‘mm_mw wSa fx,y) F(u,v) name of of
fx,y) Y. F(u,v) IF(u, )l
tri(x, y) sinc”(u, v)
gaus(x,y) gaus(u, v)
grid or b b grid or
bed-of-nails comb(x, y) comb(u, v) bed-of-nails
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2-D FOURIER TRANSFORMS IN POLAR COORDINATES
Useful for radial functions

» cyI(r/d) describes the transmission function of a circular optical
aperture

- transmission = 0
@ Hr) = cyl(r/d)
NN H

transmission = 1
aperture —Z
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um:._\m. a special Fourier transform for such
functions

o 0o

F(u,v) = [ [ £(x )™ dxdy

—00 —00

_ ,‘,,‘.\,A \Rm+v\wvml\.wa@=+v€vm®n&v\

—00 —00

» Substitute:

X = rcos0 ) U = pcoso i i
~_ space domain ~ " spatial frequency domain
y = rsin0 v = psing
[2 2
r= AX + 0 = atan(y/x
where Y and A%\ v
0 = \:N+<N ¢ = atan(v/u)
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Hankel Transform

» 2-D Fourier transform in polar coordinates

o 27

F(pcosd, psind) = %\&ﬁ%&@\qvmi.wac\oomal_vv
0 0

ee}

= [f(r)rdr[2n],(2npr)]
0

where Jy() is the zero-order Bessel function of the first kind.

» Simplifyving, we have the zero-order Hankel transform,

o

F(pcos¢, psing)= Nﬁ.‘,\?v,\o@:bl\&\
0

» If f(r.,0) = f(r) (circularly symmetric), then F(p,0) = F(p)
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Inverse Hankel transform

[ee]

f(r) = 2nfF(p)Jo(2nrp)pdp
0
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Hankel Transform Properties

name fr) F(p)

r

scaling \va _w_wﬁ@bv

convolution f(r)® % h(r) F(p)H(p)
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Hankel Transform Pairs

f(r) F(p)
o(r) N

nr

1/r 1/p
cyl(r) m%SEDV

. 27
‘ (4n’p>+ 1)
gaus(r) gaus(p)
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» Summary - continuous 2-D functions

case convolution Fourier transform
general fx,y) # & h(x, ) F(u, v)H(u, v)
h separable J(x, y) % hy(x) % hy(y) F(u, v)H (u)H,(v)

seomapte | [f1(x) = ()1LF200) % hy(0)]] Fi(w)H, (u)FH(v)Hy(v)

functions F(r) % % h(r) F(p)H(p)
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DISCRETE 2-D FUNCTIONS
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2-D CONVOLUTION
Definition
» Extension of 1-D convolution
glm,n) = f(m,n) % % h(m,n) = MM\AF Dh(m—-k,n—1)
Properties

» generally same as 1-D convolution (commutative, distributive,
associative)
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Example

flip (rotate -180°)

ne-k,-D
2 1
-—© |
0& Q.w k
| multiply flk.D)h(3-k,2-1)
k, Vh(3—-k,2 -1
L2 sum MM\A )h( )
4 3
o ©o
> >~ 10
X { ] /'
9(3,2)
|
k
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Final result

e IffisMxNandhisKxL thengis(M+K-I)x((N+L-1)

» Note phase shift in m in g(m,n) due to linear phase in h(m,n)
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Convolution with separable h

g(m, n) MME&EsLﬁLV
= MM)F Dhy(m—k)h,(n—1)
= M\:ASQVM,\AF Dhy(n—1)
*» inner sum is 1-D convolution between f and h;,

array size —>Mx (N +L - 1)

» outer sum is 1-D convolution between result of inner sum and h;

array size —>M +K-1)x(N+L-1)

For N x N image and M x M filter, show that computational
advantage of the separable filter is M/2
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