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MacNeish—Mann Theorem Based Iteratively
Decodable Codes for Optical
Communication Systems

Ivan B. Djordjevic and Bane Vasic, Senior Member, IEEE

Abstract—A novel family of low-density parity-check codes is
proposed based on MacNeish—-Mann theorem for construction of
mutually orthogonal Latin squares. Codes from this family have
high code rate, girth at least six, large minimum distance, and
significantly outperform conventional forward error correction
schemes based on Reed-Solomon (RS) and turbo codes.

Index Terms—Forward error correction (FEC), low-density
parity-check (LDPC) codes, MacNeish—-Mann theorem, mutually
orthogonal Latin squares (MOLS), optical communications.

1. INTRODUCTION

DVANCED forward error correction (FEC) codes have

started playing a key role in boosting performance of
dense wavelength-division multiplexing (DWDM) systems in
long-haul transmission. The coding gain allows to effectively
increase the amplifier spacing, the transmission distance and/or
data rates. The state-of-the-art optical communication systems
standardized by the ITU all employ Bose—Chaudhuri-Hoc-
quenghen (BCH) codes [1]: ([4359,4320] shortened BCH-3
code in the ITU-T G.707 standard, [255, 238] Reed—Solomon
(RS) code in the digital wrapper of the ITU G.709 standard,
and [255, 239] RS code in the ITU-T G.975 standard [2]). For
optical communication systems with bit rates beyond 10 Gb/s
more powerful FEC codes with larger coding gains and high
code rates are necessary. Two examples of such code include a
concatenated scheme with two RS codes proposed by Ait Sab
et al. [3], and block turbo codes proposed by Pyndiah [4] and
Ait Sab et al. [5].

Recently, we showed in [6]—[8] that the error performance
and hardware complexity of turbo codes can be outperformed
by low-density parity check (LDPC) codes. LDPC codes can
be designed in a pseudorandom fashion [9], but this leads to
encoders/decoders complexity that exceeds practical limits im-
posed on high-speed optical communication systems. A more
attractive approach applied here is to design LDPC codes based
on combinatorial objects that allow encoding and decoding to

Manuscript received December 16, 2003. The associate editor coordinating
the review of this letter and approving it for publication was Prof. C.-C. Chao.
This work is supported by the National Science Foundation under Grant ITR
0325979 and Grant CCR 0208597.

I. B. Djordjevic is with the Department of Electrical and Computer Engi-
neering, University of Arizona, Tucson, AZ 85721 USA, on leave from the Fac-
ulty of Computing, Engineering and Mathematical Sciences, University of the
West of England, Bristol, U.K. (e-mail: ivan@ece.arizona.edu).

B. Vasic is with the Department of Electrical and Computer Engineering, Uni-
versity of Arizona,Tucson, AZ 85721 USA (e-mail: vasic@ece.arizona.edu).

Digital Object Identifier 10.1109/LCOMM.2004.833833

be performed via fast and simple circuits (no permuter is neces-
sary and the parity-check matrix has quasi-cyclic structure, see
[8], for more details). Such high-speed FEC architectures are
of crucial importance in optical communications, and there has
been a great deal of activity in this area. For example, Agere
Systems (see Azadet ef al. [10]) reported an optical networking
interface device with four parallel RS codecs, each operating at
2.5 Gb/s. Agere Systems (see [11], [12]) has also implemented
arate 1/2 block length 1024 LDPC code for optical networking,
and Flarion [13] researchers developed codecs employing pro-
prietary multi-edge type LDPC code of length 4096.

In this letter, a novel class of LDPC codes based on mutu-
ally orthogonal Latin squares (MOLS) constructed using Mac-
Neish—Mann theorem is proposed. These codes have high code
rate, large minimum distance, girth of at least six, low com-
plexity itereative decoding algorithm and excellent BER per-
formance. The performance of the proposed codes is assessed
in a very realistic simulation environment (for more details the
reader is referred to [7]) that includes impairments originating
from amplified spontaneous emission (ASE) noise, pulse distor-
tions due to fiber nonlinearities, chromatic dispersion, crosstalk
effects, and intersymbol interference. We show that the coding
gain of these LDPC codes is significantly higher than the coding
gain of RS codes of larger redundancy and higher than coding
gain of turbo codes of larger redundancy, which makes them ex-
cellent candidates for use in long-haul transmission systems.

II. CODE DESCRIPTION

The codes proposed in this paper are based on the theory of
MOLS constructed using MacNeish—-Mann theorem [15].

Recently [8], we gave a construction of LDPC codes using
MOLS. In this section, we explain the method of constructing
the complete system of MOLS (adopted from [15]) for any com-
posite integer ¢, which generalizes our previous construction
[8].

Let the prime decomposition of an integer q be
q=pi'py P ¢y

withp; (1 = 1,2,..., m) being the prime numbers. MacNeish

and Mann showed [15] that a complete set of

n(q) = min (py*,py°, ..., pp) — L. 2

MOLS of order g can always be constructed.
The construction algorithm follows. Consider m-tuples

v = (91,925, 9m) 3)
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where g; € GF (pj'), 1 = 1,2,...,m, with addition and mul-  of ~p,v1,...,711 are denoted by integers 1,2,...,q = 12);

tiplication operations defined by respectively
’yl—|—’)/2:(gl,gg,...,gm)+(h1,h2,...,hm) rt 2 3 4 5 6 7 8 9 10 11 127
=(g1+h1, 92+ hos. .. Gm + Bm) ) 2 5107 6 4 1 1112 9 3 8
—(gih h o) ) 3104 8 9 1211 5 1 7 6 2
Y172 gihi, g2it2, ..., Gmhim 4 7 8 5 1 2 6 9 3 11 12 10
wherein the operations in brackets are performed in the 5 6 9 1 4 7 2 3 8 12 10 11
corresponding Galois fields (e.g., g1h1 and g1 + h; are per- 6 4 12 2 7 1 5 1011 8 9 3
formed in GF (pi')). Denote the elements from GF' (p;’), Li=| ¢ 1 116 2 5 412103 8 9
i= 1,2 mas 0,00 = 1,¢@, . g% The fol- § 11 5 9 3 1012 1 4 6 2 7
lowing elements possesses multiplicative inverses: 9 12 1 3 8 11 10 4 5 2 7 6
(6 ) . 10 9 7 1112 8 3 6 2 1 4 5
'Yz—(gl 192 7---»9m)7 i=12,....n(q) (6) 11 3 6 1210 9 8 2 7 4 5 1
since they are composed of nonzero elements of corresponding L1288 2 1011 3 9 7 6 5 1 4.
Galois fields, and «y; — 7; for ¢ # j as well. Denote the first r1 3 11 5 4 8 9 1012 6 7 27
element as yo = (0,0,...,0), the next n(g) as in (6), and the 2 103 6 7 1112 9 8 4 1 5
rest ¢ — n(q) — 1 elements as 3 4 6 9 8 5 1 7 2 1211 10
(i) (i2) (im) . 3 4 8 121 5 9 3 1110 2 6 7
fY]_(g]_ 792 7"'7gm )7 j_n(q)+17"7q 1 5 9 10 4 1 3 8 12 11 7 2 6
i =0,1,...,p)" =1, [=1,2,...,m @) L= 6 12 9 7 2 1011 8 3 1 5 4
with combinations of components leading to (6) being excluded. 7 lrl 8 2 6 1210 3 9 5 4 1
The n(q) arrays of elements, MOLS, L;, 7 = 1,2,...,n(q) 8 52 3 9 1 46 7101211
are further formed with (7, k)th cell being filled by v; + v;vk; 9 1. 7 8 3 4 5 2 6 11 10 12
i =1,2,...,n(q); 0 < j,k < g — 1. (The multiplication 07 41211 6 2 1 5 8 3 9
ViV is performed using (5), and the addition «y; + ;7 using me 51012 2 7 4 1 9 8 3
(4).) To establish the connection between MOLS and BIBD, we L1122 1 1110 7 6 5 4 3 9 8.

introduce the following one-to-one mapping [ : L — V, with  Blocks of the corresponding BIBD are given as rows of the
L being the MOLS and V being the integer set of ¢ elements array B

(points) (for more details on BIBDs please refer to [8], [14]). ~ _
The simplest example of such mapping is the linear mapping 1 ig 32 jg ‘;? 22 ;Z; gz 19096 ﬂ? igé igg

Wowy) =alx = 1) +y: 1 < 2,y < g (therefore, 1< [, y) < 23 25 45 56 72 82 8; 100 115 122 138

q?). (The numbers I(x, y) are referred to as the cell labels.) Each 0 0

Li (i = 1,...,n(q)) defines a set of q blocks (lines) B; = }i ;%,; Zg Zg 23 ;2 zi }8451 };3 }g? 13‘21

{l(z,y)|Li(z,y) = 5,1 < s < q}. Each line s(1 < s < ¢) in
B; contains the labels of element s from L;. These blocks are 17 35 43 50 61 76 94 108 116 123 141
16 34 38 54 65 73 96 107 111 129 140

equivalent to the sets of lines of slopes 0 < s < ¢ — 1in

the lattice design introduced in our earlier paper [6]. Labels of 24 28 39 57 70 83 85 101 114 127 134

every line of a design specify the positions of “1”’s in a row of 22 29 44 51 71 84 83 97 110 126 139

parity check matrix. Namely, the incidence matrix of a design 15 26 48 59 68 81 90 103 109 125 136
20 31 46 60 69 75 86 102 112 121 137

is a gn(q) x ¢* matrix H = (h;;) defined by
21 30 47 58 63 80 91 98 113 124 133

23 31 40 53 70 84 90 98 116 129 135
13 33 46 59 65 76 87 104 115 126 134
15 25 43 54 69 80 88 101 119 132 142
22 26 37 52 72 83 91 102 111 128 141
24 30 41 49 71 82 86 103 117 123 140
16 27 47 60 61 77 92 105 114 122 139
17 32 48 58 64 73 93 99 110 127 138
21 29 38 55 68 75 85 100 118 131 144
20 28 42 50 63 81 89 97 120 130 143
14 36 45 51 66 79 94 107 109 124 137

b — 1, if the sth block contains the jth point B=
7710, otherwise

and represents the parity-check matrix. The code length is ¢2,
the code rate is determined by R = (¢®> — rank(H))/q?, and
may be estimated as R = (¢ — n(q)q)/q®> = 1 —n(q)/q.

Notice that when ¢ is a prime power, the construction pro-
posed here reduces to our previous construction [8].

Finding the minimum distance of BIBD codes is difficult in
general. However, it can be shown that a lower bound on min-
imum distance is ¢ + 1.

Example: For ¢ = 12 = 22 . 3! the number of .
MOLS is n(q) = 2, and corresponding ~v-elements are: 18 35 44 57 67 74 96 106 113 121 136

0, 1), 7 = ([0 1],2), 75 = ([0 0]. 1), 19 34 39 56 62 78 95 108 112 125 133
0],0), 76 = ([1 0],2), vz = ([0 1],0), For example, the first row in B denotes the labels of element 1
v = ([0 = ([1 1,0), v20 = ([1 1],1), and from L. (The labels in the first row of L; run from I to 12, in the
y11 = ([1 1],2). (Primitive polynomials of GF(2?) and GF(3) second from 13 to 24, etc.) The rows of B specify positions of
used in this example are 1 + = + 22 and 1 + =, respec- nonzero elements in the rows of a parity-check matrix (elements
tively.) The two MOLS are (the elements of MOLS instead of B run from 1 to ).
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Fig. 1. BER performance of LDPC codes on MacNeish—-Mann MOLS at 40
Gb/s with six iterations in min-sum algorithm.

III. PERFORMANCE ANALYSIS

Fig. 1 plots the BER results obtained from Monte Carlo
simulations with six iterations in the min-sum decoding al-
gorithm for a MOLS (using MacMeish-Mann theorem for
g = 45) LDPC [2025, 1848] code with code rate R = 0.913
(redundancy of 9.57%), and a MOLS based LDPC [1225, 1088]
with code rate 0.888 (redundancy of 12.59%), constructed for
q = 35. (Notice that here we use the definition of redundancy
commonly used for optical communications; see e.g., [16].) A
WDM system with 40-Gb/s bit-rate per channel and a channel
spacing of 100 GHz is considered. It is assumed that the ob-
served channel is located at 1552.524 nm (193.1 THz) and that
there exists a nonnegligible interaction with six neighboring
channels. The influence of optical and electrical filters is
taken into account as well. The dispersion map of considered
transmission system is composed of a SMF section (of length
80 km), followed by an EDFA to compensate the fiber losses,
and a DCF section to compensate both GVD and second-order
GVD, as well as another EDFA to compensate the fiber losses
in corresponding DCF section. Eight SMF-DCF sections are
observed, and Q-factor is additionally decreased by noise
loading. The average power per channel is set to be 0 dBm,
and the carrier-suppressed RZ signal format is assumed. (The
channel characteristics modeled according to our previous
papers [7] are used to create samples fed to iterative decoder.)
Using the expression

_ (! Q
Uncoded BER = <§> erfc <ﬁ> (8)

the bit-error rate of uncoded signal is converted to Q-factor to
make the results comparable with previously reported ones.
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The LDPC code of redundancy 9.57% significantly outper-
forms RS[255, 223] 4+ RS[255, 239] concatenation scheme [5],
while LDPC code of redundancy 12.59% outperforms the opti-
mized block turbo code [5] of redundancy 28%. Notice the com-
plexity of the turbo decoding algorithm is higher than that of
a decoder based on min-sum algorithm. (Encoding complexity
and the decoding hardware complexity of BIBD codes are dis-
cussed in [17].)

IV. CONCLUSION

We proposed a novel class of LDPC codes, with high code
rate, large minimum distance and girth at least six, based on
MOLS constructed using MacNeish—Mann theorem.

The proposed LPDC codes perform very well in the presence
of ASE noise, fiber nonlinearities, chromatic dispersion, and
intersymbol interference. Since the proposed FEC scheme
significantly outperforms traditional FEC schemes based on
RS and turbo codes it is an excellent candidate for long-haul
transmission.
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