between the variation sources and the responses. It is easier
to see how this model is related to dimension reduction by
comparing Figure 1 to Figure 2[11]. Here we consider y as
a univariate performance variable (e.g. delay and power). The
dimension of x is denoted by p. Figure 1 shows y as a function
of x vector:

Y X1, X2, Xp @)

As one can see in Figure 1, there are p input nodes. The
function g is represented by the black box in the middle,
feeding into the output node y at the bottom. Figure 2 has an
intermediate layer of nodes which linearly combine the input
nodes using weights indicated along the line segments. It is
clear that the relationship between x and y is determined only
through B}, BS, - - -, Bk . The black box represents the function
m in (2).

y  mBIx Bgx, o BrX @

Our goal is to nd the K p-dimensional subspace
span{B},Bs, -+, Bk} Taking advantage of the generated
subspace, the proposed method obtains implicitly new re-
sponse surface models that operate on a reduced dimension
variable set. Different from existing dimension reduction ap-
proaches such as clustering and PCA, the new SIR based
method not only considers the behavior of dependant variables
but also the response surface impact on dimension reduction.

Note that the dimension reduction approach we discuss here
is also different from Projection-Based Extraction (PROBE)
for quadratic response surface modeling [3]. While PROBE
greatly reduces number of sampling points required to achieve
an accurate quadratic response surface model, the proposed
approach targets parameter reduction in the response surface
model. In addition, the new method is applicable to all
existing digital and analog designs where dimension becomes
a problem. In the current paper we apply the new method
to block-based SSTA. All gate/interconnect delays and signal
arrival times are represented in quadratic form over a base
set of variational process parameters. From experiments, we
verify that nonlinear delays at all levels can be accurately
approximated by quadratic models with much less number of
variables.

The organization of the rest of the paper is as follows: In
Section 2, we focus on explaining the basics for dimensionality

Fig. 2. Reduced regression model with m as new after reduction function
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reduction. Section 3 discusses the reduction framework in
block-based SSTA and the new SIR based reduction algorithm.
Experimental results and algorithm complexity are discussed
in Section 4. Finally, Section 5 concludes the current paper.

Il. EFFECTIVE DIMENSION REDUCTION

We start this section by reviewing PCA method, then
introduce effective dimension concept and nally provide the
basics of the slice inverse approach.

A. Principal component analysis (PCA)

No doubt that PCA is perhaps the most popular procedure
of dimension reduction. It in fact is a special case for the
Sliced Inverse Regression (SIR) approach. This is why in this
subsection, we rst take a brief look at PCA. PCA projects
the high dimensional space to a lower dimensional space with
the hope that the essential structure in the original space can
be kept as much as possible. The projected space is chosen so
that the distributions can spread out as much as possible.

Assume X is the p-dimensional variable of interest. The rst
principal component is a linear combination x denoted as b} x
which has the largest variance among all b with unitary length.
Equation (3) provides the description of such procedure.

maxX||p||=1 bt i) (3)

Here 4 denotes the covariance matrix of x. After nding the

rst direction by, we repeat the same procedure by restricting
to those that yield projections uncorrelated with bix: To
illustrate, we get the the second principal direction b, by using
(4).

cov btx,bix bt by 4)

Continuing this process in (4), we can get all other directions
b3, b4, -+, bp. It can be shown that

<Di  Aib; (5)

Here the variance of bix is A;.

The above equations provide the original concept of PCA.
However they may give readers the impression that PCA is
a complicated procedure. In fact, we need only to conduct
the eigenvalue decomposition on the covariance matrix of x.
Eigenvalues of PCA often decrease rapidly. This is because
most of the variables spread out wide along the rst few di-
rections. Therefore, it is possible to have dimension reduction
while still keep the original structure of the input variable
space. Unfortunately, the reduction is not a guarantee. To
achieve correct PCA reduction, one often needs to rescale each
input variable appropriately before applying PCA. Standard
deviation is generally selected as rescaling factor.

PCA provides principal dimensions for input variables x.
Principal dimensions, however as mentioned in the introduc-
tion part of this paper, can not re ect the in uence of x on
output variable y. As long as the input variables x have the
same distribution, even if we have two different functions,
that is, the relationship between x and y is not the same,
the same x input variables would always reduce to the same
linear combinations. Therefore, principal dimensions are not
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the effective ones if we consider the output variable y. Finding
effective dimensions is the key point of this paper and will be
further discussed in the next section.

B. Effective Dimension Reduction

Effective dimension reduction (EDR) concept is the center
of the SIR based reduction scheme.

Definition 1: Under (2), the space B generated by

BL,BS, -+, Bk is called the EDR space. Any non-zero vector
in the EDR space is called an EDR direction.
By changing m suitably, one can reparameterize (2) by any set
of K linearly independent EDR directions. Thus it is the EDR
space B that can be identi ed; the individual vectors B}, BS,
-+,Bl themselves are not identi able unless further structural
conditions on g are imposed. Our primary goal of this paper
is to nd the EDR space or a subspace of it.

Though (2) should be interpreted as an approximation to
reality, the fundamental difference between this and other sta-
tistical models is that (2) takes the weakest form to re ect our
hope that a low dimensional projection of a high dimensional
regressor variable contains most of the information that can
be gathered from the original space. (2) does not impose any
structures on how the projected variable effects the output
variable. In addition, we may vary K to re ect the degree of
the anticipated dimension reduction. To illustrate, at K p,
(2) becomes a redundant assumption. We want to emphasize
that the estimation of the projection directions can be a more
important statistical issue than the estimation of the function
m itself. In fact, the structure of m is impossible to identify
unless we have other evidence. For example, let m be the
delay model after reduction in SSTA analysis, we can alway
assume that m is a quadratic polynomial. In reality, one can
obtain two different versions of m to represent the same joint
distribution of y and x. Thus what we can estimate at most are
statistical quantities such as the conditional mean or quantities
of y given x. On the other hand, at the beginning stage of
analysis when one does not have a xed objective in mind, the
need for estimating such quantities is not as pressing as that
for nding ways to simplify the design space. Our formulation
of estimating the EDR directions is one way to address such
a need in analysis. After nding a good EDR space, we can
project data to this smaller space. Then we are in a better
position to identify what should be pursued further: model
building by response surface estimation after reduction.

(2) is equivalent to: the conditional distribution of y given x
depends on x only through the K dimensional variable (B}x,
Bix, -+, BLX), or, to put it slightly differently, conditional
on Bix, Bix, -+ -,BkX, y and x are independent. The reduced
variable, Bix, Bix, - -, Bk X is as informative as the original
X in predicting y.

The key in the notion of EDR space is to nd the one
with the smallest dimension. Now one question arise: is this
space unique? Cook [8] explored the answer to this question.
It turns out that under certain regularity conditions, the EDR
space with the smallest dimension is unique. We shall assume
this is the case from now on.

C. Basics of Sliced Inverse Regression (SIR) based Dimension
Reduction

In this subsection, we introduce a method for nding EDR
directions  sliced inverse regression (SIR). First we present
a theory for justifying SIR.

As pointed out by Li in [11], the natural way to think about
response surface estimation is going from x to Y . Of special
importance is the rst moment E Y |x or the second moment
var Y |x . Unlike general Response Surface approaches, SIR
does not follow the above one-way traf ¢ of going from x to
Y. Instead, SIR reverses the role of x and Y. That is, SIR
treats Y as if it were the independent variable and treat x as
if it were the dependent variable. This fundamental difference
can be further illustrated as given X  Xq, what value will
Y take? One straightforward conventional answer would be
examining the data points close to Xo and taking their average
Y values. This is the basic idea of SIR methodology. To gain
global insight on Y, SIR based reduction scheme studies how
the associated x region varies as Y changes.

One advantage is immediate. The general response surface
E Y |x is p-dimensional, which is very dif cult to estimate
directly. When p is large, even with some smart sampling
techniques, the resulting response surface techniques may per-
form poorly because of lack of suf cient data points in some
relevant local region. However, for inverse regression, the
conditional expectation E X|Y can be taken one coordinate
atatime E x;|Y , fori .- -p. The estimation of E X;|Y
should be easy to handle because this is just a one-dimensional
problem. This is the reason why we can, from a different angle,
take care of the curse of dimensionality problem.

The most important question remaining is how to relate
inverse regression to forward regression. To Il up the gap,
we shall derive Theorem 1, which is the foundation of the
SIR theory. Generally speaking, inverse regression factorizes
the joint density of x and y into the condition density h x|y
and the marginal density k y . While only E x|y is consid-
ered in this section, other quantities can be utilized as well.
For example, we shall also discuss how to use conditional
covariance cov x|y for extending the basic SIR algorithm.

Theorem 1: Assume the condition provided in (2) is true.
In addition, for any b in RP, the conditional expectation

E bX|BIX, Bix, -+, B&x is linear in Bix,Bix, - -, BL x; that
is, for some constants, ¢, C1, -+, Ck,

E b'|Bix, B5X, -, BkX €0 CiBix ckPBix (6)
then, the difference of E x]y — E x is contained in the
linear subspace spanned by Bk, k , o, K, where

x denotes the covariance matrix of x.
The condition (6) is also referred as Linear Design Condition
(LDC). It has been proved that the suf cient condition for
LDC is elliptical symmetric.

Definition 2: A random vector X [CR"™ with probability
density function f is said to to be elliptical symmetric if f
can be written as

Fx gllAx—pll ()

where A is a positive de nite symmetric matrix and vector
p CR", and g is a functiong ,00 - oo,
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TABLE |
RESULTS OF SIR ON ISCAS 85 BENCHMARKS

Circuit Number of PCA New PCA delay New delay PCA New
delay delay variance variance reduction reduction

Gates mean error (%) mean error (%) error (%) error (%) (%) (%)

C17 6 0.5 0.4 6.5 4.3 25 42
C432 160 2.3 1.9 9.2 7.1 37 61
C499 202 5.4 2.2 11.9 8.5 23 39
C880 383 3.0 3.0 6.0 6.0 44 44
C1355 546 3.2 3.0 5.5 6.0 30 38
C1908 880 11 1.0 6.7 7.2 10 41
C2670 1193 3.1 2.9 5.0 4.5 20 30
C3540 1669 5.4 4.0 8.0 8.0 25 35
C5315 2307 5.0 5.0 8.3 8.3 35 35
C6288 2416 1.6 2.6 6.6 7.0 23 36
C7552 3512 2.7 2.2 4.0 7.4 20 53

approximation. Figure 5,6 demonstrates the distributions of the
delay distribution at the outputs of D4 and D5. The solid line
(red) represents the result from our proposed approach. The
dash line (blue) is the result from Monte Carlo. The doted-dash
line (green) comes from PCA.

We also test our proposed method on ISCASS 85 bench-
mark circuits for 0.13 pum. Assume we X the vyield at
98 . The simulations are performed in the following way:
for particular output, we assigned different process variation
distributions for all gates through the related paths. Further
we assume quadratic timing model with tree process varia-
tions Weff, Leff, Tox for each gate model. The model
coef cients are determined by response surface method. All
simulations were run on Pentium 2GHz. The results show
clearly the advantage of using the proposed reduction scheme
over PCA: new method can achieve 20% to 50% parameter
reduction with only less than 8% error on average.

V. CONCLUSION

This paper proposes a new way of reducing the statistical
variations. The new approach creates an effective reduction
subspace (ERS) and provides a transformation matrix by
using the mean and variance of the response surface. With
the generated transformation matrix, the proposed method
maps the original statistical variations to a smaller set of
variables with which we process variability analysis. Thus, the
computational cost due to the number of variations is greatly
reduced.
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