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Abstract—1In this paper, we compute achievable rates for
synchronous code-division multiple-access (CDMA) systems and
study the associated coding-spreading tradeoff problem using
these results. We assume random spreading sequences and
the computed achievable rates are averaged over ensembles of
spreading sequences. Unlike most prior work which analyzed the
spectral efficiency of large CDMA systems under Gaussianity as-
sumptions (inputs and multi-user interference), we make no such
assumptions. In order to display the coding-spreading tradeoff,
we plot the required minimum SNR for reliable transmission
as a function of information rate. It is shown that the coding-
spreading tradeoff favors all coding (i.e., no spreading) when
the optimal multiuser detector (MUD) is employed, whereas for
systems with suboptimal MUDs and single-user decoding, there
generally exist optimal code rates. We also provide simulation
results on the performance of LDPC-coded synchronous CDMA
systems which approach the information-theoretic limits we have
computed.

I. INTRODUCTION

Direct-sequence code-division multiple-access (CDMA)
systems have been extensively studied in the last two decades.
Its ability to support more mobile users than time-division
multiple-access (TDMA) and frequency-division multiple-
access (FDMA) mobile wireless systems has been widely
acknowledged. Hence, CDMA may be considered an enabling
technology in present and future wireless systems.

In recent years, some important work has been reported on
the information-theoretic channel capacity of CDMA systems.
References [1], [2], [3], [4] provide analysis on the spectral
efficiency of large (i.e, large number of users) CDMA systems
on additive white Gaussian noise (AWGN) and flat-fading
channels. Reference [5] gives an insightful new approach to
the analysis of the capacity of large CDMA systems. However,
the assumptions underlying large CDMA systems, namely, the
Gaussianity of multiple access interference (MAI), may not
always hold in real systems. Other approaches include the
assumption of Gaussian channel inputs in capacity problems
and the adoption of spherical spreading sequences [6], [7],
which would facilitate the analysis of the systems.

In another area, recent developments in channel coding have
yielded codes capable of near-capacity operation on many
channels, including the binary symmetric channel (BSC), the
binary erasure channel (BEC), the additive white Gaussian

noise (AWGN) channel, and fading channels. These capacity-
approaching codes include turbo, turbo-like, and low-density
parity-check (LDPC) codes [8], [9], [10]. It has been more
difficult to determine whether or not these codes are capa-
ble of near-capacity performance on binary-input interference
channels such as MAI channels in part because it is difficult
to compute the capacity of these channels (except for some
special cases and under different assumptions which may not
be realistic).

It is natural to ask how the capacity of binary-input CDMA
(BI-CDMA) systems with random spreading may be achieved
with channel coding. A number of researchers have presented
analysis and simulation results in the literature to demon-
strate the efficacy of channel codes on CDMA channels [11],
[12], [13], [14] and the possibility of their approaching the
information-theoretic capacity of CDMA systems. In view
of the constraints on bandwidth in modern communication
systems, it is also natural to consider the tradeoff in bandwidth
expansion due to spreading and that due to coding. References
[15], [16] have presented results on this tradeoff problem for
large CDMA systems. However, because of the large CDMA
assumptions, these works also adopt the Gaussian-input and
Gaussian-MAI assumptions.

In this paper, we consider small CDMA systems where the
Gaussian assumptions do not hold and we constrain the inputs
to be binary random variables as is true in actual systems. The
achievable information rates we compute may be considered
to be binary-input capacity or constrained capacity. Lastly, we
consider the capacity to be dependent on the receiver and so
we consider a number of receivers (MUDs), from the optimal
multi-user receiver to the decorrelating receiver.

The rest of the paper is outlined as follows. Section II
presents the synchronous CDMA models adopted in this work.
Section III provides the analysis of the binary-input capacity
of CDMA systems with different MUDs. Section IV provides
numerical results for the capacities of small CDMA systems
and gives some LDPC simulation results. Section V contains
conclusions.



II. SYNCHRONOUS CDMA SYSTEM MODEL

In this paper, the baseband model for a K-user BPSK-
modulated synchronous CDMA system is adopted. The re-
ceived CDMA signal can be written as

K
y= Zaixisi +w (D
i=1

where a;, x;, and s; are, respectively, the amplitude, the
binary (code) bit, and the normalized spread vector (signature
sequence) of the it" user; w is the channel AWGN vector with
mean 0 and covariance o2I. All vectors, y, s;, and w, are
N x 1 vectors, where NN is the length of spreading sequences.

The discrete-time equivalent model for the synchronous
CDMA system at the output of the match-filter bank (see Fig.
1) is

Y =RAX +n )

where Y is the K x 1 vector output of the matched filter bank.
R is the K x K correlation matrix of the spreading sequences
of the K users,
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A is a K x K diagonal matrix of the amplitudes of the K users,
which is A = diag{aj as - ax}. X =[x x9 --- JJK]T is
the binary-input vector of the K users, x; € {—1,+1}; nisa
K x 1 Gaussian noise vector with mean O and covariance R,
which is the matched-filter bank output of the channel AWGN
vector.

To simplify our analysis, we assume all users have the
same power at the receiver. Therefore, the matrix A becomes
an identity matrix and can be omitted. Since all users are
symmetric under the assumption of random spreading, the
“capacity” (achievable information rate), averaged over the
ensemble of spreading sequences, is the same for all K users.
Thus, we will consider only the information rate of the first
user in the analysis and simulations in this paper. The reason
we consider the binary-input achievable information rate for
each user, instead of the sum capacity of the entire system, is
that it easily leads us to optimal code rates.

Optimality here is in the sense of minimizing the signal-
to-noise ratio required for reliable transmission with a given
bandwidth expansion factor. The bandwidth expansion factor,
Q, of the CDMA system is defined as the ratio of the spread
sequence length, N, to the code rate 7,

R=1[sys2 - sK]T[sl Sg -

Q= N/r. “4)

The optimal code rate yields the solution to the coding-
spreading tradeoff problem. Heuristically, we imagine that
spreading is used to combat MAI and coding is used to combat
noise. (However, as described in [17], for the optimal MUD,
no spreading should be employed. Our results below support
this.)

III. MULTIUSER DETECTORS AND THEIR BINARY-INPUT
CAPACITIES

Multiuser detectors for CDMA systems have been stud-
ied for more than 15 years [18]. Many MUDs, from the
optimal MUD to single user matched filter detector, have
been proposed with different performances and complexities.
In this paper, we will study the binary-input capacities of
random-spread synchronous CDMA systems for the following
receivers:

« optimal MUD

e BCJR-once MUD

« MMSE MUD

o decorrelating MUD

« matched-filter detector
Descriptions of these MUDs may be found in the literature
[18], [19], [20]. Below we present binary-input mutual infor-
mation rate expressions for each of these.

A. Optimal MUD

By definition, the optimal MUD achieves the largest binary-
input capacity (Cp;). Given a randomly selected set of spread
sequences, the per-user expression for Cp; of a synchronous
CDMA system with an optimal MUD is given by

I(Y;X)/K = [H(Y)-H(YX)]/K
= [H(Y)—-H(n)]/K (5)
where
1Y) == [~ [ [ estvonay @
K
and 1
H(n) = Slog(2me)"|R @)

for positive definite R.

There is no simple closed-form formula for the capacity
expression (5) which involves a K -dimensional integration.
However, it is possible to obtain numerical results for such
Cp; in (5) when K is not too large. In the next section, we
will use Monte-Carlo integration to obtain values for Cp;.

The capacity given in (5) is a function of the randomly
chosen spreading sequences and, hence, is a random variable.
By averaging (5) over the ensemble of random spreading
sequences of length IV, we obtain the binary-input capacity
for the synchronous CDMA system with an optimal MUD.
That is,

C:;pt = E{Slys2q'“7SK}[I(Y;X)/K] (3)

This capacity could be approximately approached by an iter-
ative MUD which employs a BCJR (or BCJR-like) detector
in cooperation with a soft-in/soft-out decoder [11], [12], [13],
[14]. The BCIR-once MUD, described in the next section,
represents a compromise iterative multi-user detector/decoder
in which the BCJR-MUD iterates only once.



B. BCJR-once MUD/Decoder

In [20], a low-complexity suboptimal detector/decoder,
called the BCJR-once detector/decoder was introduced for
application to LDPC-coded ISI channels. A discussion on the
similar problem of separation of MUD and coding can also
be found in [19]. Here we analyze a suboptimal MUD which
applies a similar idea. Unlike the iterative MUD, the BCJR-
once MUD performs optimal MUD only once, so that there are
no iterations between the MUD and the (single-user) decoders.

In this case, the per-user Cp; can be expressed as

I(Y;21) = H(Y)—-H(Y|z1) )
where H(Y) is as in (6) and

H(Y|zy) = HRX' +n). (10)

Here we define X’ £ [0, 72,23, -, 7x]?. Then, the averaged
Cy; for the synchronous CDMA system with BCJR-once
MUD/decoder is,

= E{Slaszr",sx}[I(Y;xl)} (11)

CECJR—on,ce
C. MMSE MUD

The three other MUDs discussed in this paper are linear
MUDs: the MMSE MUD, the decorrelating MUD, and the MF
single-user detector. Since they are all linear MUDs and share
the same mathematical form, their binary-input capacities can
be expressed in the same form.

The general form of the linear MUD for one user is

Z = LY
L"RX +L'n (12)

where L is a K x 1 vector which represents the linear MUD.
Therefore, the Cy; per user of the synchronous CDMA system
with a linear MUD is

I(Z;xy) = H(Z) — H(Z|xy) (13)
where

H(Z|z,) = HLT(RX' 4+ n)) (14)
and X' = [0, 29,23, -+, 2k|T. Here H(Z) and H(Z/x;)

both involve infinite integrations and can be calculated numer-
ically. The (averaged) binary-input capacity per user is then

O;;near = E{51,52,~»,SK}[I(Z;$1)] (15)
For the MMSE MUD, L for user 1 is given by [18]
Lyvse = (100 -+ 0](R 4+ o2T)~H)T (16)

Therefore, the C; per user for a fixed random sequence set
of the synchronous CDMA system with an MMSE MUD is

I(Zymse; ) = HZumse) — H Zumselr:) (A7)
where

Zyumse = Lmvse” RX + Lyvse’ n (18)

Thus, the averaged the Cj; per user is

Cyumse = Eisysa, syl (Zymse; 1)) 19)

D. Decorrelating MUD

The decorrelating MUD is a linear detector as in (12) with
L = Lpgc, where

Lpec = ([100 --- OJR™H)7 (20)
As for the MMSE MUD, we have the expression of the binary-
input capacity per user of the synchronous CDMA system with
decorrelation MUD,

I(Zppc;x1) = H(Zpec) — H(Zpeclz1) (21
where
Zppc = Lpec’ RX + Lpec’ n (22)
so that the averaged Cj; per user is
CBEC = E{sl,sz,n-,sK}[I(ZDEC;371)] (23)

The difference between the decorrelating MUD and the
MMSE MUD is that decorrelating MUD requires the inverse
of the correlation matrix R. Since we are studying random
spread CDMA systems, sometimes R is not invertible and
therefore, the decorrelating MUD is not implementable and
no information can be transmitted through the channel. In our
numerical analysis, we will discard such cases.

E. Matched-Filter Single-User Detector

The MF detector is a linear detector as in (12) with
L = Lyr, where

Lyvep =[100 --- 07 (24)

We then have the expression of the binary-input capacity per
user of synchronous CDMA systems with MF detector,

I(Zyp;z1) = HZur) — HZyr|z1) (25)

where

Zyr =Ly RX 4 Ly’ n (26)

Averaging over the set of spreading sequences, we obtain

CITTF = E{s1,sz,~~-,sx}[I(ZMF;xl)] 27)



IV. NUMERICAL AND SIMULATION RESULTS

In this section, we use Monte Carlo integration [21] to
numerically compute the integrals presented in the previous
section. We also present some simulation results for LDPC-
coded CDMA systems.

Due to the high complexity of multi-dimensional numeri-
cal integration, we only consider small synchronous CDMA
systems with K = 4 users and two different bandwidth
expansions factors: () = 8 and ) = 20. These correspond
to systems spectral efficiencies, 7 £ %r = %, 0.5 and 0.2.

To obtain the averaged Cj; per user, 2000 random spreading
sequence sets for the 4 users were generated. The algorithm
is as follows(For the decorrelating MUD, since the correlation
matrix R needs to be positive definite, the length of spreading
sequences N has to be bigger than or equal to the number of
users K).

Algorithm

1) Select and fix the number of users K and the bandwidth
expansion factor Q.

2) For N =1to Q,
(For the decorrelating MUD: For N = K to @Q,)

a) generate K random spreading sequences of length
N.

b) for each MUD, use Monte Carlo integration to
calculate Cyp; of CDMA systems with the formulas
given in the previous section.

¢) if haven’t done this for 2000 spreading sequence
sets, go to step a). Otherwise, continue.

d) average these 2000 Cy;-Es/Ny curves to obtain
the averaged Cy;-Es/Ny curve, where E,/Ny =
N / Q X Eb / No.

e) find the required minimum (ﬁ—g)j\, corresponding
to the code rate rny = N/Q. In this case, the

code rate r is the maximum information rate the

CDMA user can achieve with the signal-to-noise

Ey \*

ratio (%)} and spreading gain N.

3) Plot the (ﬁ—g)*N-rN curve obtained from Step 2.

This algorithm leads to the results presented in Fig. 2 and
Fig. 3.

From both Fig. 2 and Fig. 3, we can see that, for systems
employing the optimal MUD, the more the bandwidth given
to coding, the less F} /Ny that is required. That is, no spread-
ing/all coding achieves the optimal coding-spreading tradeoff.
This is reasonable and consistent with the results of [1], [15]
for large systems and [17].

However, things are different for suboptimal detectors. In
Fig. 2 (corresponding to ) = 8), systems with BCJR-once,
MF, and MMSE detectors all have optimal code rates in the
middle when K > N. But the system with decorrelating MUD
favors all coding (no spreading).

In Fig. 3 (corresponding to ) = 20), we can see that
systems with suboptimal detectors except the decorrelating
MUD follow the same trend as the system with optimal MUD.

We have also performed simulations to assess the perfor-
mance of synchronous CDMA systems with iterative multiuser
detection/LDPC decoding. We expect this to approach the
performance of the optimal joint multiuser detector/decoder
whose binary-input capacity is given in the previous section.
A spreading sequence set for each user is randomly picked
and fixed. The reason we do this is that, from our simulations,
only when the correlation matrix R is positive definite, the
achievable information rates vary little with different random
spreading sequences. The iterative decoding method is as
described in [14] which requires the matrix R to be positive
definite (instead of using convolutional codes, we are using
LDPC codes.).

To compare with our capacity results, we choose a 4-user
synchronous CDMA system. Two moderate length (8000)
irregular LDPC codes of rates 0.5 and 0.8 are used. The
bandwidth expansion factor () is 20. The simulated bit error
rates of these systems are shown in Fig. 4. Also included in the
figure are: (a) the capacity limits on the synchronous CDMA
channel from Fig. 3 and (b) performance curves for these codes
on the binary-input AWGN channel. We notice that the effect
of the CDMA channel is a performance loss (relative to the
AWGN channel) of about 0.4dB for the rate 0.5 code and
0.7dB for the rate 0.8 code. More importantly, at bit error rate
10~%, the performances of the LDPC codes are about 1dB
from the capacity curves of Fig. 3.

V. CONCLUSIONS

In this paper, the binary-input achievable information rates
(capacity) for synchronous CDMA systems with a small
number of users is studied. The coding-spreading tradeoff
problem in synchronous CDMA systems is also addressed.
Numerical results show there do exist optimal code rates
for synchronous CDMA systems with certain suboptimal
MUDs. However, all coding (no spreading) is optimal for
the optimal joint detection/decoding receiver. Simulations of
synchronous CDMA systems with iterative optimal multiuser
detection and LDPC decoding were also presented to show
that the binary-input capacities can be closely approached with
practical schemes. Future research would focus on the coding-
spreading tradeoff problems with asynchronous CDMA and
fading channels. More carefully considered channel coding
schemes would also be an interesting topic in this area.
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Fig. 1. Synchronous CDMA system model.
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Fig. 4. The performance of one user in LDPC-coded synchronous CDMA
systems with iterative multiuser detection/decoding. The systems have 4 users
and bandwidth expansion factor 20.



