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ABSTRACT

Multicastingin theopticallayerhasgainedsignificantimportancein therecentyearsdueto severalfactors.Mostof theresearch
work in this areaconcentrateeitheron minimizing the numberof wavelengthsrequiredto meeta givenstaticdemandor on
multicastrouteselectionalgorithmsto achieve efficient utilization of fiber bandwidth.Very few significantresearchhasbeen
found, to the bestof authors’knowledge,on developingananalyticalmodelfor evaluatingthe blockingperformanceof tree
establishmentin opticalnetworks,which motivatesthis research.

In this paper, an analyticalmodel for evaluatingthe blocking performanceof multicasttreeestablishmentin time-space
switchedopticalnetworksis developed.Theperformanceof differentswitcharchitecturesarethenstudiedusingtheanalytical
model. It is observedthat if the multicasttreehasvery low degreeof branching,theblockingprobability of establishingthe
treeis thesameasthatof establishinga pathwith samenumberof links.

Keywords: Opticalnetworks,WDM-TDM switching,Multicast,Blockingperformance

1. INTRODUCTION

WavelengthDivision Multiplexing (WDM) hasemergedasanefficient mechanismfor informationtransportin all-opticalnet-
works. WDM divides the available fiber bandwidthinto a set of wavelengths(WDM channels).Early researchin optical
networks focussedon single-fibermulti-wavelengthwavelength-routednetworks. Nodesin thesenetworkscanswitchwave-
lengthsacrossports. WavelengthConverter(WC) is a device that allows the optical signalon a wavelengthto be converted
into anotherwavelength. If wavelengthconvertersarenot available,a call arriving at a nodeon a certainwavelengthhasto
be switchedto the samewavelengthat the output. Althoughwavelengthconvertersimprove network blocking performance,
thehigh costof wavelengthconvertershave madeit impracticalto employ full-wavelengthconversionat all nodes.The role
of wavelengthconvertersin wavelength-routednetworks hasbeenstudiedextensively in the literature.KMLON Subramaniam,
Azizog̃lu, andSomaniP evaluatethe impactof sparse-wavelengthconversion,whereonly a few nodesin the network have
full-wavelengthconversioncapability. Theeffectof limited-wavelengthconversion,QSR T wherea giveninputwavelengthcanbe
convertedinto asetof (but notall) outputwavelengths,hasalsobeenstudied.Multi-fiber multi-wavelengthwavelength-routed
networkshavebeenshown to offer blockingperformancesimilar to thatof networksemploying limited- or sparse-wavelength
conversion.U LVKXW

WDM offersbandwidthgranularitycloseto thepeakelectronictransmissionspeed.Thebandwidthof a singlewavelength
is too largefor certaintraffic requirements.While sometraffic mayhavearequirementof fractionalwavelength,anothertraffic
that is alreadyusinga full-wavelengthmight want to expandits capacity, but not want to pay for an entirenew wavelength.
Thismotivatestheneedfor providing fractionalwavelengthcapacityto thenetwork traffic.

Provisioningof fractionalwavelengthcapacityis achievedby dividing awavelengthinto timeslotsandmultiplexing traffic
on thewavelength.Theresultingmultiwavelengthoptical time division multiplexednetworks(WDM-TDM networks)canbe
classifiedinto two categoriesKYK : dedicated-wavelengthTDM (DW-TDM) networksandshared-wavelengthTDM (SW-TDM)
networks. In DW-TDM networks,eachsource-destinationpair is connectedby a lightpath, wherea lightpathis definedasan
all-optical connectionbetweentwo nodes. Calls betweena sourceanddestinationaremultiplexed on the lightpaths. If the
bandwidthrequiredby a new call at a nodeis not availableon any of theexisting lightpathsto thedestination,a new lightpath
is established.On the otherhand,in SW-TDM networks, if a call cannotbe accommodatedon an existing lightpathto the

Theresearchreportedin this paperis fundedin partby theNationalScienceFoundationundergrantANI-9973102,DefenseAdvanced
ResearchProjectsAgency undercontractN66001-00-1-8949,andDavid C. NicholasProfessorshipFundat Iowa StateUniversity.



destination,it is allowedto bemultiplexedontoanexisting lightpathto an intermediatenode.Thecall is thenswitchedfrom
theintermediatenodeto thefinal destinationeitherdirectly or throughothernodes.However, if noneof theexisting lightpaths
from thenodecanaccommodatethecall, a new lightpathto thedestinationis established.

The performanceof SW-TDM networksdependon efficient merging of fractionalwavelengthrequirementsof the nodes
into a full- or almost-full wavelengthrequirement.This merging of traffic from differentsource-destinationpairs is called
traffic grooming. Nodesthatcangroomtraffic arecapableof multiplexing/de-multiplexing lower ratetraffic ontoawavelength
andswitchingthemfrom onelightpathto another. The groomingof traffic canbe eitherstatic,wherethe source-destination
pairswhoserequirementsarecombinedarepre-determined,or dynamic,wheretheconnectionrequestsfrom differentsource-
destinationpairsarecombineddynamicallydependingon theexisting lightpaths.

Recentadvancesoptical switchingtechnologyK[Z\LVK\N have shown the possibility of realizingfastall-optical switcheswith
switchingtime lessthanananosecond.Theuseof suchfastswitchesalongwith fiberdelaylinesastime-slotinterchangersK PSR K Q
have openedup the possibility to realizemultiwavelengthoptical time switchednetworks. Thesenetworks will be referred
to asWDM-TDMSwitchednetworks in therestof this paper. Connectionbetweena sourceanddestinationin a WDM-TDM
switchednetwork is realizedby assigningatimeslotonevery link of achosenpath,with theconstraintthattheslotononelink
canbeswitchedto thesuccessive link by theintermediatenode.WDM-TDM switchednetwork canbeconsideredasa special
caseof SW-TDM network, whereall the nodesin network arecapableof groomingtraffic andlightpathsto the neighboring
nodesareestablishedpermanently. Thebandwidthgranularityofferedby aWDM-TDM network is determinedby theduration
of a time slot which, in turn, dependson the speedat which the switchingcanbe accomplished.In general,a WDM-TDM
switchednetwork is a multi-fiber, multi-wavelength,TDM-switchedall-opticalnetwork.

Routingindividual slotdynamicallyrequiresprocessinginformationin opticaldomain.However, thetechnologyin optical
processingandstoragehasnotmaturedto achieverun-timeroutingdecisionsathigh-speeds.Therefore,WDM-TDM switched
networksareexpectedto becircuit-switchedin nature.As theinformationin a time slot is not readby anintermediatenodeat
run-time,theswitchingemployedhereis alsoreferredto astransparentoptical switching.

Yateset al.KYK analyzea single-fibermulti-wavelengthTDM-switchednetwork for blockingperformanceby extendingthe
link-independencemodel]SR N proposedfor wavelength-routednetwork. WautersandDeemester^SR KXW show the equivalenceof
single-fibermulti-wavelengthTDM-switchednetwork to multi-fiber multi-wavelengthwavelength-routednetworks.

SrinivasanandSomaniK T introducea generalizednetwork model,calledTrunk SwitchedNetwork (TSN). In this model,
every nodeviews a link asa setof trunksandchannels.Analytical modelfor evaluatingpathblockingprobabilitieshasalso
beendevelopedfor aclassof TSN’swhereall thenodeshavesimilarview of thelinks. Theanalyticalmodelsproposedearlierin
literaturefor wavelength-routedopticalnetworks,WDM-TDM networks,etc.canbederivedfrom thisgeneralizedframework.

1.1. Multicasting in Optical Networks

Supportingmulticastconnectionsin WDM networks hasgainedimportancein recentyearsdueto the increasingnumberof
distributive services.SahasrabuddheandMukherjeeK U discussthe benefitsof supportingmulticasttraffic at the WDM layer.
Yang, Wang, andQiaoK ^ introducevariousmulticastmodelsalong with methodsto implementdifferent multicastcapable
switcharchitectures.

Theanalyticalmodelsproposedthusfar in literaturemostlyconsiderunicastconnectionsandevaluatepathblockingprob-
abilities.Earlierwork on theanalysisof multicastingin theopticaldomainconcentrateon two mainareas:(1) minimizing the
numberof wavelengthsrequiredto supporta statictraffic demandK UOR ZYW and(2) multicastrouteselectionalgorithmsto achieve
efficient utilization of thefiber bandwidthwhendynamicsetupandteardown of multicasttraffic is considered.ZOK R ZYZ Iannone,
Listanti,andSabellaZ ] studytheblockingperformanceof establishingmulticasttreeswith asourcereachingthedestinationsin
a two-link pathwith a branchingafter thefirst link by assumingstatisticalindependenceof link loads.To thebestof authors’
knowledge,therehasbeenno othersignificantwork thatanalyzestheblockingperformancefor establishinga multicasttreein
anopticalnetwork.

In this paper, an analyticalmodel for evaluatingthe blocking performanceof establishinga multicasttreein time-space
switchedoptical networks is developedbasedon the analyticalmodel proposedfor homogeneousTSN’s.K T The paperis
organizedas follows: Section2 describesa WDM-TDM switchednetwork. Section3 introducesthe conceptof a trunk-
switchednetwork, themodelingof a WDM-TDM switchednetwork asaTSN,andintra-trunkcopyingwhich enablescopying
of a signalfrom onechannelto another. An analyticalmodelfor evaluatingtheblockingperformanceof treeestablishmentin
a classof TSN’s is developedin Section4. Theperformanceof differentswitcharchitecturesarestudiedusingtheanalytical
modelon two differentkindsof networks.Section5 discussestheperformanceresults.Section6 concludesthepaper.



2. WDM-TDM SWITCHED NETWORKS

A WDM-TDM switchednetwork consistsof switchingnodesinterconnectedby oneor moreopticalfibers. Eachfiber carries
a certainnumberof wavelengths.Eachwavelengthis dividedinto frameswhich arefurthersub-dividedinto time slots.Let _
denotethenumberof links at a node, ` denotethenumberof fibersper link, a denotethenumberof wavelengthsperfiber,
and b denotethenumberof timeslotsperframeona wavelength.

Every slot within a frame can be denotedby a 4-tuple, cedXfhgifYjCf[k[l , where monpd/nq_ , monqgrnp` , monsjtn3a ,
and munvkAnwb . For example,the tuple c[m2fVm2fhxyfzm{l (readfrom right to left) denotesfirst time slot in a frameon the second
wavelengthof the first fiber on the first link. A channelon a link is definedasa collectionof a particulartime slot across
successive frames.Hence,thenumberof channelsin a link is thesameasthenumberof slotsin a frame, `}|ua	|�b . Each
channelis alsorepresentedby a 4-tuple, c~d[fhgif[j5f[k[l , similar to the representationof a slot. It canbe observedthat if a frame
hasonly onetime slot, b��%m , a WDM-TDM switchednetwork reducesto a multi-fiber multi-wavelengthwavelength-routed
network. A switchat a nodemapsaninput channelto anoutputchannel.Theconstraintson themappingof aninput channel
to anoutputchannelaredeterminedby thenatureof theswitch.

The simplestswitch architectureis a spaceswitch. In this switch, an input channel, c~dXfOgif[jCfYk[lX� , could be mappedto an
outputchannel,cedXfhgifYjCf[k[lY� , if andonly if k � ��k[� , j � �0j�� , and g � ��g�� . With a timeslot interchanger(TSI), aninputchannelc~d[fhgifYjCf[k[l � couldbemappedto anoutputchannelcedXfOgif[jCfYk[l[� , where k �>���k[� , by delayingthesignals.A combinationof time
andspaceswitchingcanbe employed in multiple stagesto realizemorepermutationof spaceandtime. If the switchesdo
not employ wavelengthconversion,thenthewavelengthof the input andoutputchannelsmustbe thesame,hencej � �Ej�� .
In networks with multiple fibers connectingtwo nodesan input channel, c~dXfOgif[jCfYk[l � , canbe mappedto an output channelc~d[fhgifYjCf[k[lY� , where g �����g�� .

3. TRUNK SWITCHED NETWORKS

A trunk switchednetwork (TSN) consistsof switchingnodesinterconnectedby links. Eachlink hasa setof channels.The
numberof channelsin a link, denotedby � , is the sameon all the links in the network. A nodein a TSN views a link asa
setof � trunkswith � channelsper trunk, where �9�:�E� . Fig. 1 shows thenodearchitecturein a TSN. Thenodehasfour
links connectedto it. Eachlink is viewedasa setof 4 trunksby the node. Switchingat every nodeobeys the following two
conditions:� A full-channelinterchanger(FCI) is employedat theinput for every trunk,asshown in Fig. 1.� Switchingat anodeobeys trunk-continuityconstraint,i.e., thechannelscannotbeswitchedacrosstrunks.
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Figure 1. Nodearchitecturein a TSN.

Thedefinitionof a trunk couldbedifferentacrossnodes.For example,onenodecouldview a link as � K trunkswith � K
channelspertrunkwhile anothernodecouldview thelink as � Z trunkswith � Z channelspertrunk,where� K � K �o� Z � Z ��� .



Fig. 2 shows two nodesin a TSN connectedby a link. The input to switch from otherlinks at thenodearenot shown in the
figure. Fig. 2(a)shows two nodesthatview the link asa setof 4 trunks. In Fig. 2(b), thefirst nodeviews thelink as3 trunks
while thesecondnodeviews thelink as4 trunks.
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Figure 2. Two nodesconnectedby a link in aTSN.(a)Thelink is viewedas4 trunksby boththenodes.(b) Thelink is viewed
as3 and4 trunksby thefirst andsecondnode,respectively.

A TSNis saidto behomogeneousif thecollectionof channelsthatconstitutea trunkata nodeis thesamefor all thenodes
in thenetwork. Otherwise,it is saidto beheterogeneous. Thenodesshown in Fig. 2(a)couldform apartof homogeneousTSN
if thechannelsthatconstituteatrunkfor thetwo nodesarethesameasthatat therestof thenodes.Ontheotherhand,thenodes
shown in Fig. 2(b) form a partof a heterogeneousTSN. Notethat two nodescouldview a link asa setof � trunksbut could
still beheterogeneousif thechannelswithin the trunksarenot identical. Althoughthe trunk definition is thesamefor all the
nodesin ahomogeneousTSN,theswitchingemployedwithin a trunkcouldbedifferentatdifferentnodes.As channelscannot
beswitchedacrosstrunks,by thedefinitionof a trunkat thenode,ahomogeneousTSNimposesanend-to-endtrunk-continuity
constraint on theconnections.

A trunk on a link, asviewedby a node,is saidto be busy if all the channelsin the trunk arebusy, otherwiseit is saidto
be free. Considerthe link shown in Fig. 2(a). The link is viewedasa setof 4 trunksby thenodes.Thenumberof channels
busyon a trunk at theinput of a nodeis thesameasthenumberof channelsbusyon thetrunk at theinput to theswitchat the
node.However, thedistribution of thebusychannelson thetrunk at theinput of thenodeis differentfrom thatat the input of
theswitch.Thenumberof trunksbusyat theinputof anodeis thesameasthenumberof trunksbusyat theinputof theswitch
at thatnode.

Considera trunkona two-link path,eg: a trunkat theinputandoutputof anodeshown in Fig. 2(a).Thetrunk is saidto be
availableon thetwo-link pathif thereis a freechannelin thetrunk on thefirst link thatcanbeswitchedby thenodeto a free
channelin thesecondlink, subjectedto theconstraintsof theswitch.Hence,if a trunk is freeon two links individually, it does
not necessarilyimply that thetrunk is availableon thetwo-link path.For example,considera scenariowhentheswitchat the
nodeshown in Fig. 2(a) is a space-onlyswitch� . Hencechannelcontinuityconstraintis imposedby theswitch. Also, assume
that thereare5 channelspertrunk. Let channels1 and2 on a trunk bebusyat theinput of theswitchandchannels3, 4, and5
bebusyat theoutputof theswitch. Thefreechannelsat theinput of theswitch(hence,at thenode)cannotbeswitchedto the
freechannelsat outputof theswitch.Hence,thetrunk is not availableon thetwo-link path.

A connectionbetweenasourceanddestinationis establishedoverapath.Eachpathconsistsof asetof links andthenumber
of links in a pathdenotesthe lengthof thepath. Theselectionof a pathin the network couldbe eitherstaticor dynamic. A
connectionbetweena sourceanda destinationovera pathis realizedby assigninga channelon eachlink on thepathsuchthat
everynodeonthepathcanswitchthechannelassignedon its input link to thechannelassignedon its outputlink. A call is said
to beblockedif suchachannelassignmentis not possible.

Multicastconnectionsareestablishedin thesenetworksby copying thesignalin aninputchannelandswitchingtheindivid-
ualcopiesto multipleoutputchannels,wheneverabranchingin thetreeoccurs.It is assumedthatthecopiesof theinputsignal
is constrainedto remainwithin thesametrunk. Hence,this copying is alsoreferredto asintra-trunkcopying. Themaximum
numberof copiesthatcanbemadefrom an input signalis limited by thenumberof channelswithin a trunk. Thenumberof
copiesthataremadefrom aninput signalis referredto asdegreeof branching.�

Althoughtheswitchat a nodeis space-onlythenodebehaveslike a channel-spaceswitch.



3.1. Modeling a WDM-TDM switched network as a TSN

A WDM-TDM switchednetwork canbe modeledasa TSN. Although a trunk canbe definedasan arbitrarycollectionof
channels,only a few suchcollectionsmake a meaningfultrunk definitionin reality. Somepossibletrunk definitionsat a node
arediscussedherewith anexample.

Considera link with onefiber, 4 wavelengthsperfiberand5 time slotsperwavelength( `��&m , a���� , b���� ). Eachslot
on a link d is denotedby a 4-tupletuple cedXfOgif[jCfYk[l , where g/��m , m"n?j�n:� , and m"n�k�n:� .� If time slot interchangeandwavelengthconversionarenot permitted,then,for any link d , eachwavelengthandtime slot

combinationcanbetreatedasa trunk, i.e., b��2���G� ���G�&��c~dXfVm2fYjCf[k[lS� . In this case,a link is viewedas a�b trunkswith one
channelpertrunk.� If time slot interchangeis permittedandwavelengthconversionis not, thenfor a givenlink d , every wavelengthcanbe
consideredasa trunk, i.e., b�� � �+��cedXfzm�f[jCfYk[lz� m!n¡k5nEb"� . Thus,a link is viewed as a trunkswith b channelsper
trunk. Notethat,theswitchat a nodeneednot providefull-permutationswitchingcapability.� If full-wavelengthconversionis permittedandtime slot interchangeis not, thenfor a givenlink d , a time slot on all the
wavelengthscanbegroupedto form a trunk, i.e., b�� � �}��cedXfzm�f[jCfYk[lz� mAn�jwn�aE� . Thus,a link is viewedas b trunks
with a channelspertrunk.� If both full-wavelengthconversionandtime slot interchangearepermitted,thenthe entire link is treatedasonetrunk
with a�b channels.

A multi-fiber multi-wavelengthwavelength-routednetwork with ` fibersand a wavelengthswith no wavelengthconversion
canbeviewedas a trunkswith ` channelspertrunk. If full-wavelengthconversionis available,thena link canbeviewedas
asingletrunkwith `Ca channels.However, networksthatemploy limited-wavelengthconversionQOR T cannotbemodeledeasily
or effectively asa TSNasfull-permutationwavelength-conversionis notemployed.

4. ANALYSIS

ConsiderahomogeneousTSNwith � trunksperlink and � channelspertrunk. Theanalyticalmodeldevelopedin thissection
for evaluatingtheblockingperformanceof establishinga multicasttreeis basedon thefollowing assumptions¢ :� The call arrival at every nodefollows a Poissonprocesswith rate £¥¤ andis equally likely to be destinedto any other

node.Thechoiceof Poissontraffic is to keeptheanalysistractable.� Thebandwidthrequirementof everycall is assumedto beof onechannelcapacity.� Theholding time of every call follows an exponentialdistribution with mean K¦ . The Erlangloadofferedby a nodeis§ ¤¨�%©«ª¦ .� Thepathselectionis pre-determined(fixed-pathrouting),eg: shortest-pathrouting.� Blockedcallsarenot re-attempted.� A call is assignedachannelrandomlyfrom a setof availablechannels.

Considera tree,denotedby ¬ , thatneedsto beestablishedin thenetwork. Let ­G®�c�b°¯�l denotetheprobability thatexactlyb°¯ trunks are available to establishthe tree. ­G®>c~±�l , therefore,denotesthe blocking probability of tree establishment.To
compute­G®�c�b°¯�l , assumethat b³² trunksarefreeon thefirst link and bµ´ trunksamongthemareavailablefor establishingthe
tree. ­¶®�c~b³¯�l canbewrittenas,

­¶®�c~b°¯�l7� ·¸¹
º¼»°¹�½
·¸¹{¾z»¿¹{º ­G®�c�b°¯¥� b³´Àf[b³²�l[­ K c�b³´yfYbµ²
l (1)Á

Thescopeof theanalyticalmodelpresentedin thispaperis limited to homogeneoustrunk switchednetworks.



where ­ ® c�b ¯ � b ´ fYb ² l denotestheprobabilityof b ¯ trunksbeingavailableto establishthetreegiventhat b ² trunksarefreeon
thefirst link with b ´ amongthembeingavailable. ­ K c�b ´ fYb ² l denotestheprobability that b ² trunksarefreeon thefirst link
with bµ´ amongthembeingavailable. ­ K c~bµ´�f[b³²
l canbewrittenas,

­ K c~b ´ f[b ² lÂ�vÃ ­¨c~b ² l if b ´ �ob ²± otherwise.
(2)

where ­¨c�b³²�l denotestheprobabilityof b³² trunksbeingfreeon a link. ­G®�c�b°¯¥� b³´Àf[b³²�l is computedby consideringtwo cases,
(1) thetreedoesnot haveany branchingand(2) thetreehasabranching.

Case 1:
If thetree ¬ doesnot haveany branching,thenit is merelya path.If thepathconsistsof Ä links, then ­ ® c~b ¯ � b ´ f[b ² l , denoted
as ­GÅ�c~b ¯ � b ´ f[b ² l for apath,canbeexpressedas:

­ Å c~b°¯¥� b³´Àf[b³²�lF� ·¸¹
ÆÇ»°¹�½ ­ Å c�b°¯�f[bµÈ[� b³´ÀfYb³²{l (3)

where ­GÅ�c�b ¯ fYb È � b ´ fYb ² l denotestheprobabilityof having b ¯ trunksavailableon a Ä -hoppathwith b È trunksfreeon the last
link giventhat b ² trunksarefreeon thefirst link with b ´ amongthemavailable.

A Ä -link pathis analyzedasa two-hoppathby consideringthe first Ä�É�m links asthe first hopandlast two links asthe
secondhop,asshown in Fig. 3.

pT Tl
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0

Figure 3. A Ä -link pathmodel.

Let b³Ê and b¥Ë denotethenumberof trunksavailableon thefirst hopandnumberof trunksthatarefreeon thelast link of
thefirst hop(link Ä"É:m ), respectively. ­ Å c�b°¯�f[bµÈ[� bµ´yf[b³²
l canthenberecursively computedas:

­ÌÅ�c�b ¯ f[b È � b ´ fYb ² l7� ·¸¹
ÍV»°¹ ½
·¸¹VÎz»°¹
Í ­GÅVÏ K c�b Ê fYb Ë � b ´ f[b ² l¿­¨c~b ¯ fYb È � b Ê fYb Ë l (4)

where ­¨c~b°¯Àf[bµÈ[� b°ÊyfYb�Ë�l denotestheprobabilityof b°¯ trunksbeingavailableon the Ä -link pathwith bµÈ trunksfreeon the last
link giventhat b°Ê trunksareavailableon thefirst hopwith b¥Ë trunksfreeon thelast link of thefirst hop.Thestartingpoint of
therecursion­ K c~b°¯yfYbiÈ[� b³´yfYbµ²
l is givenby:

­ K c�b°¯yfYbµÈ[� b³´ÀfYbµ²
lÂ�}Ã m if b°¯5�0b³´ and biÈ°��bµ²± otherwise.
(5)

Case 2:
If the treehasa branchingat an intermediatenode,thenthe computationof the desiredprobability is carriedout by splitting
the treeinto a combinationof a pathandsubtrees.Consideranexampletreeasshown in Fig. 4(a) to beestablished.As the
treehasbranching,it is split into a pathupto the intermediatenode Ð , denotedby Ñ , anda setof subtreesthatbranchout at
the intermediatenode.Let Ò denotethenumberof subtreesat thebranchingpoint and ¬ K fY¬ Z fzÓÔÓ�ÓÔfY¬yÕ denotethesubtrees.The
splitting of thetreeinto a pathanda setof subtreesareshown in Fig. 4(b). Note that the last link of thepathandfirst link of
thesubtreesarethesame.

Let ­ÌÖ>c~b³×�fYbµØÀ� b³´Àf[b³²
l denotethe probability that b³× trunksareavailableto reachthe intermediatenodewith b³Ø trunks
freeon the last link of the pathgiven that the first link has b ² free trunkswith b ´ amongthemavailable. This probability is
computedasdescribedabove in case1. Theprobabilityof b ¯ trunksbeingavailableto establishthegiventreecanbeobtained
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Figure 4. (a) Examplemulticasttreeconsideredfor analysis.(b) Decompositionof thetreeinto a pathanda setof sub-trees
for analysis.

by summingover all possiblevaluesof b × , b Ø , andnumberof trunksavailableto establishpathson eachof the Ò subtrees.
Hence,it follows:

­ ® c�b ¯ � b ´ fYb ² l7� ¹
º¸¹{Ù{»°¹�½
·¸¹{ÚS»°¹{Ù ¸� �eÛh� ��Ü¼�ÞÝÞÝÞÝÞ� �~ß\� ­ Ö c�b × f[b Ø � b ´ fYb ² lÌ­¨c�k K f[k Z fzÓÔÓ�ÓÔf[k Õ � b × fYb Ø l[­¨c�b ¯ � k K f[k Z fVÓ�ÓÔÓÔf[k Õ f[b × l (6)

where ­¨c�k K f[k Z fzÓÔÓ�ÓÔf[k Õ � b × fYb Ø l denotesthe joint probability thatsubtreeà hasexactly kX� trunksavailablegiventhat thefirst link
in the subtreehas b Ø trunksfreewith b × amongthemavailable. ­¨c�b ¯ � k K fYk Z fVÓ�ÓÔÓ�fYk Õ f[b × l denotestheprobability of b ¯ trunks
beingavailablefor establishingthe treegiven that b × trunksareavailableto establishthe pathand kX� trunksareavailableto
establishsubtree¬À� . Note that this probability doesnot dependon the numberof free trunkson the first link of the subtrees
( b Ø ) asany trunk thatis availableto establisha subtreemustbewithin thesetof availabletrunksin thefirst link of thesubtree
( bµ× ). It canbealsoobservedthateachsubtreeshouldhaveatleastb°¯ trunksavailable,i.e., k �âá b°¯ , where m"n�à7noÒ .

It is assumedthat thedistribution of thechannelsacrossdifferentsubtreesareindependentof oneanother. Similar to link
correlation,thereis alsoacorrelationfactorthatis introduceddueto theintra-channelcopying. Hence,if achannelis occupied
in a subtree,thenthereis a positive probability that a channelin the sametrunk canbe occupiedin anothersubtree,asthey
couldbepartof a treeestablishedearlier. However, astheofferedloaddueto multicasttraffic is expectedto bemuchsmaller
comparedto theunicastconnections,theeffectof this correlationis neglectedin this paper. Assumingthechanneldistribution
acrossthesubtreesareindependentof eachother, ­¨c�k K f[k Z fVÓ�ÓÔÓÔf[k Õ � b × f[b Ø l canbewrittenas:

­¨c~k K fYk Z fzÓÔÓÔÓ�fYk[Õ
� b³×¥f[b³Ø
l7� Õã� » K ­¶®Vä¼c�k � � b³×¥f[b³Ø{lSÓ (7)

­¶®zäSc~k � � b³×�fYbµØ
l for eachsubtree¬ � is computedrecursively by consideringif thesubtreehasabranchingor notuntil thesplitting
of thesubtreesresultin paths.

Let ­ Õ c~b ¯ � k K f[k Z fzÓÔÓ�ÓÔf[k Õ f[b × fYb³åzl denotetheprobabilityof b ¯ trunksbeingavailableto establishthetreegiventhat kX� trunks
areavailableto establishsubtree¬À� with b ×Aæ b³å trunksavailableon the first link of the subtreeswith the constraintthat a
trunk thatis availableto establishthetreemustfall within the b³× setof trunks. It follows that ­GÕ
c~b°¯�� k K fYk Z fzÓÔÓÔÓ�fYk[Õ«f[b³×�l is same
as ­GÕ�c�b°¯¥� k K fYk Z fVÓ�ÓÔÓ�fYk[Õ{f[b³×�fY±�l . ­GÕ
c~b°¯¥� k K fYk Z fzÓÔÓÔÓ�fYk[Õ{f[b³×¥f[b å l is computedrecursively by consideringonesubtreeat a time and
updatingthenumberof trunksavailableto establishthetreedependingon thenumberof availabletrunkson thesubtreethatis
considered.

­ Õ c~b ¯ � k K fYk Z fzÓÔÓÔÓ�fYk Õ f[b × fYb³åzl7�oçâè é ���eÛO�
¹ Ù �¸� »°¹�½ ­ K c�kz� k K fYb × fYbµåVlX­ Õ Ï K c�b ¯ � k Z f[k ] fzÓÔÓ�ÓÔf[k Õ fYkSf[b³å æ b × É9k[l (8)

where, ­ K c�kz� k K fYb³×�fYb å l7�ëê
¹{Ù�¶ì ê ¹{í� Û Ï �~ìê ¹{Ù
î°¹{í�eÛ ì (9)

­¨c�b°¯�l and ­¨c�b°¯�f[bµÈ[� b°Ê�f[b¥Ë
l form the basisfor the analysisdevelopedin this section. Theseprobabilitiesarecomputed
usinga two-link correlationmodel. Computingtheseprobabilitiesarenot explainedin this paperdueto spaceconstraints.
Readersarereferredto theearlierwork by theauthorsK T for adetaileddescriptiononthecomputationof theaboveprobabilities.



5. PERFORMANCE EVALUATION

Two regular ï -ary treestructuresareconsideredfor performanceevaluation:(1) binary ( ï/�Ex ) and(2) ternary( ï���ð ). The
numberof levelsin thetreeis denotedby _ , with thesourcereachingx�ñ destinationnodes.Theroot of thetreeis assumedto
thesourceandtheleafnodesareassumedto bethedestinations.Thenumberof hopsbetweentwo successivebranchingnodes
is denotedby ò . Thedistancebetweenthesourceandthefirst branchingnodeis setas ò æ m . Fig. 5(a)and(b) show binary
treeswith thedistancebetweenthebranchingnodesas1 and2, respectively. Note thatas ò increases,thenumberof links in
thetreeincreases.

Z

Z+1

Z

Z

Z

Z+1

Z

Z

(a) ò���m (b) ò���x
Figure 5. Examplebinary treesconsideredfor performanceevaluation. (a) Distancebetweentwo branchingnodesis 1. (b)
Distancebetweentwo branchingnodesis 2.

Theblockingperformanceof multicasttreeestablishmentareevaluatedontwo networks: (1) m«±2±Â|"mV±2± bi-directionalmesh-
torusand(2) 12-dimensionalhypercubenetwork. Thechoiceof thesenetworksaredueto themediumandlow correlationof
link-loads. Eachlink in the network is assumedto have 20 channels. Two different trunk and channelcombinationsare
considered:(1) 4 trunksand5 channelsper trunk and(2) 1 trunk and20 channelsper trunk. A nodethat views a link as �
trunkswith � channelspertrunk is referredto asa �s|ó� node.A nodethatemploys full-permutationswitchingis denotedby
FPandthatwhich provideschannel-spaceswitchingis denotedby CS.

Tables1 and2 show theblockingperformancefor establishing3-level binarytreesand3-level ternarytrees,respectively, in
a 100| 100bi-directionalmesh-torusnetwork. Tables3 and4 show theblockingperformanceversuslink loadfor establishing
2-level binary treesand2-level ternarytrees,respectively, in a 12-dimensionalhypercubenetwork. The performancetrends
observedin boththenetworksaresimilar. Theblockingprobabilitywith 4 | 5 CSswitchesis two to four ordersor magnitude
higherthanthatwith 1 | 20 FPswitcheswith increasinglink load. Theblockingprobabilitywith 4 | 5 FPswitchesis at-most
oneorderof magnitudehigherthanthatwith 1 | 20FPswitches.Theseresultsindicatethata significantperformancecouldbe
obtainedevenwhenthechannelsin a link aresplit into moretrunksandemploying full-permutationswitching.

It is also observed that the blocking probability of establishinga tree is almostthe sameas that of establishinga path
having thesamenumberof links asin the treefor a givenswitcharchitectureat thenodesin thenetwork. Thepathblocking
probabilitiesarenot reportedseparatelyas they exactly matchthe valuesof the treeblocking performanceto the accuracy
reportedin thetables.Thedifferencebetweentheblockingprobabilitiesof establishingabinaryor ternarytreeandapathwith
samenumberof links wasobservedto belessthan1%of thepathblockingperformance.In general,if thedegreeof branching
ateachnodein thenetwork decreases,thetreeblockingperformancecanbeapproximatedto apathblockingperformancewith



Link load
Nodetype Z 1E 2E 5E 7E

4 ô 5 CS 1 1.4 ô K\WVõ Û~ö 6.1 ô KXWzõ Û÷Û 1.8 ô KXWzõ2ø 6.7 ô K\WVõ Ü
2 8.1 ô K\WVõ Û~ö 5.3 ô KXWzõ Û~ù 1.7 ô KXWzõ�ú 2.9 ô K\WVõ Û
3 3.3 ô K\WVõ Û ø 2.3 ô KXWzõ ù÷û 6.9 ô KXWzõ�ú 5.4 ô K\WVõ Û

4 ô 5 FP 1 2.8 ô K\WVõ Û~ü 1.1 ô KXWzõ Û~Ü 1.9 ô KXWzõ�ý 1.4 ô K\WVõ2þ
2 5.4 ô K\WVõ Û~ü 2.2 ô KXWzõ Û~Ü 4.4 ô KXWzõ�ý 5.4 ô K\WVõ2þ
3 8.1 ô K\WVõ Û~ü 3.4 ô KXWzõ Û~Ü 8.2 ô KXWzõ�ý 1.4 ô K\WVõ Ü

1 ô 20FP 1 2.4 ô K\WVõ Û~ü 9.3 ô KXWzõ Û þ 1.3 ô KXWzõ�ý 4.8 ô K\WVõ�ú
2 4.7 ô K\W õ Û~ü 1.8 ô KXW õ Û~Ü 2.6 ô KXW õ�ý 9.2 ô K\W õ�ú
3 7.0 ô K\WVõ Û~ü 2.7 ô KXWzõ Û~Ü 3.8 ô KXWzõ�ý 1.4 ô K\WVõ2þ

Table 1. Blocking probability versuslink load for establishinga 3-level binary treein a 100| 100bi-directionalmesh-torus
network.

Link load
Nodetype Z 1E 2E 5E 7E

4 ô 5 CS 1 2.2 ô K\WVõ Û ø 1.5 ô K\WVõ û 4.6 ô KXWzõ�ú 4.6 ô K\WVõ Û
2 2.8 ô K\W õ Û ú 1.9 ô K\W õ ü 4.8 ô KXW õ2þ 8.8 ô K\W õ Û
3 1.3 ô K\WVõ Û þ 9.2 ô K\WVõ ü 1.8 ô KXWzõ Ü 9.8 ô K\WVõ Û

4 ô 5 FP 1 7.2 ô K\WVõ Û~ü 3.0 ô KXWzõ Û~Ü 6.8 ô KXWzõ�ý 1.0 ô K\WVõ Ü
2 1.5 ô K\WVõ Û ý 6.5 ô KXWzõ Û~Ü 2.5 ô KXWzõ ö 5.5 ô K\WVõ Ü
3 2.2 ô K\WVõ Û ý 1.1 ô KXWzõ Û÷Û 7.2 ô KXWzõ ö 1.4 ô K\WVõ Û

1 ô 20FP 1 6.2 ô K\WVõ Û~ü 2.4 ô KXWzõ Û~Ü 3.4 ô KXWzõ�ý 1.2 ô K\WVõ2þ
2 1.2 ô K\WVõ Û ý 4.7 ô KXWzõ Û~Ü 6.7 ô KXWzõ�ý 2.4 ô K\WVõ2þ
3 1.8 ô K\WVõ Û ý 7.1 ô KXWzõ Û~Ü 1.0 ô KXWzõ ö 3.6 ô K\WVõ2þ

Table 2. Blocking probability versuslink load for establishinga 3-level ternarytreein a 100| 100bi-directionalmesh-torus
network.



Link load
Nodetype Z 1E 2E 5E 7E

4 ô 5 CS 1 6.9 ô K\WVõ Û ý 3.5 ô KXWzõ Û÷Û 7.7 ô KXWzõ ö 2.6 ô K\WVõ Ü
2 5.2 ô K\WVõ Û~ö 2.9 ô KXWzõ Û~ù 6.9 ô KXWzõ2ø 1.4 ô K\WVõ Û
3 2.1 ô K\WVõ Û ø 1.2 ô KXWzõ ù÷û 2.7 ô KXWzõ�ú 3.1 ô K\WVõ Û

4 ô 5 FP 1 1.2 ô K\WVõ Û~ü 4.8 ô KXWzõ Û þ 7.3 ô KXWzõ ü 3.9 ô K\WVõ�ú
2 2.3 ô K\WVõ Û~ü 9.1 ô KXWzõ Û þ 1.5 ô KXWzõ�ý 1.2 ô K\WVõ2þ
3 3.4 ô K\WVõ Û~ü 1.4 ô KXWzõ Û~Ü 2.6 ô KXWzõ�ý 2.8 ô K\WVõ2þ

1 ô 20FP 1 1.2 ô K\WVõ Û~ü 4.7 ô KXWzõ Û þ 6.6 ô KXWzõ ü 2.4 ô K\WVõ�ú
2 2.3 ô K\WVõ Û~ü 8.7 ô KXWzõ Û þ 1.2 ô KXWzõ�ý 4.5 ô K\WVõ�ú
3 3.3 ô K\WVõ Û~ü 1.3 ô KXWzõ Û~Ü 1.8 ô KXWzõ�ý 6.6 ô K\WVõ�ú

Table 3. Blockingprobabilityversuslink loadfor establishinga 2-level binarytreein a 12-dimensionalhypercubenetwork.

Link load
Nodetype Z 1E 2E 5E 7E

4 ô 5 CS 1 4.1 ô K\WVõ Û~ö 2.3 ô KXWzõ Û~ù 5.5 ô KXWzõ2ø 1.7 ô K\WVõ Û
2 4.5 ô K\WVõ Û ø 2.6 ô K\WVõ û 5.7 ô KXWzõ�ú 4.4 ô K\WVõ Û
3 2.0 ô K\WVõ Û ú 1.2 ô K\WVõ ü 2.3 ô KXWzõ2þ 7.1 ô K\WVõ Û

4 ô 5 FP 1 2.1 ô K\WVõ Û~ü 8.5 ô KXWzõ Û þ 1.4 ô KXWzõ�ý 1.0 ô K\WVõ2þ
2 4.2 ô K\WVõ Û~ü 1.7 ô KXWzõ Û~Ü 3.5 ô KXWzõ�ý 4.5 ô K\WVõ2þ
3 6.4 ô K\WVõ Û~ü 2.7 ô KXWzõ Û~Ü 7.4 ô KXWzõ�ý 1.2 ô K\WVõ Ü

1 ô 20FP 1 2.1 ô K\WVõ Û~ü 8.2 ô KXWzõ Û þ 1.2 ô KXWzõ�ý 4.2 ô K\WVõ�ú
2 4.1 ô K\WVõ Û~ü 1.6 ô KXWzõ Û~Ü 2.2 ô KXWzõ�ý 8.1 ô K\WVõ�ú
3 6.0 ô K\WVõ Û~ü 2.3 ô KXWzõ Û~Ü 3.3 ô KXWzõ�ý 1.2 ô K\WVõ2þ

Table 4. Blockingprobabilityversuslink loadfor establishinga2-level ternarytreein a12-dimensionalhypercubenetwork.

thenumberof links in bothbeingthesame.Notethat,in anextremecasewhenthedegreeof branchingat theintermediatenode
is the sameasthe numberof destinationnodes,the analyticalmodelemulatesa statisticallink-independencemodel. Hence,
its comparisonwith theblockingperformanceof a pathwith thesamenumberof links would indicatethedifferencebetween
theblockingprobabilitiesobtainedusinga link-independenceandlink-correlationmodel,whichcouldbesignificantfor longer
pathsandathigh network loads.

6. CONCLUSION

In thispaper, ananalyticalmodelfor evaluatingtheblockingperformancefor establishingmulticasttreesin time-spaceswitched
opticalnetworkshasbeendeveloped.Theblockingperformancefor establishingregularbinaryandternarytreesareevaluated
on two differentnetwork architecturesandthreedifferentswitch architectures.It is observedthat for establishingtreeswith
low degreeof branching(2 or 3) theblockingprobabilityof establishingthe treematchthatof establishinga pathwith same
numberof links asin thetree.

While it canbe concludedfrom the above resultsthat pathblocking probabilitiescanapproximatetreeblocking proba-
bilities, with the samenumberof links with low degreeof branching,the limit on the degreeof branchingabove which the
the differenceexceedsa given factorremainsto be studied. In this paper, a randomchannelassignmentalgorithmhasbeen
assumedfor theanalysis.Theeffect of otherchannelassignmentalgorithmssuchasfirst-fit, best-fit,etc. is yet to bestudied.
Also, theimpactof having limited capabilityon theintra-trunkcopying thatallows thesignalin only a few, but not all, trunks
to becopiedis alsoto beevaluated.
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